Starting from realistic nuclear forces, the chiral N 3 LO and JISP16, we have applied many-body perturbation theory (MBPT) to the structure of closed-shell nuclei, 4 He and 16 O. The two-body N 3 LO interaction is softened by a similarity renormalization group transformation while JISP16 is adopted without renormalization. The MBPT calculations are performed within the Hartree-Fock (HF) bases. The angular momentum coupled scheme is used, which can reduce the computational task. Corrections up to the third order in energy and up to the second order in radius are evaluated.
INTRODUCTION
A fundamental and challenging problem in nuclear structure theory is the calculation of finite nuclei starting from realistic nucleon-nucleon (NN) interactions. The realistic nuclear forces, such as CD-Bonn [1] , Nijmegen [2] , Argonne V18 (AV18) [3] , INOY [4] and chiral potential [5, 6] , contain strong short-range correlations which cause convergence problems in the calculations of nuclear structures. To deal with the strong short-range correlations and speed up the convergence, realistic forces are usually processed by certain renormalizations.
A traditional approach is the G-matrix renormalization in the Brueckner-Bethe-Goldstone theory [7] [8] [9] in which all particle ladder diagrams are summed. Recently, a new class of renormalization methods has been developed, including V low-k [10, 11] , Similarity Renormalization Group (SRG) [12] , Okubo-Lee-Suzuki [13] [14] [15] [16] [17] [18] and Unitary Correlation Operator Method (UCOM) [19, 20] . The renormalizations soften realistic NN interactions and generate effective Hamiltonians, while all symmetries and observables are preserved in the low-energy domain. The renormalization process also generates effective multi-nucleon interactions (sometimes called "induced" interactions) that are typically dropped for four or more nucleons interacting simultaneously. We will neglect three-nucleon and higher multi-nucleon interactions both "bare" and "induced". There is another class of "bare" NN forces which are sufficiently soft that they can be used without renormalization, e.g., the JISP interaction which is obtained by the J-matrix inverse scattering technique [21] [22] [23] . These interactions can often be used directly for nuclear structure calculations.
A renormalized NN interaction should retain its description of the experimental phase shifts up to a cutoff. At the same time, the renormalized interaction provides better convergence in nuclear structure calculations without involving parameter refitting or additional parameters. The calculations based on realistic forces are called ab initio methods when they retain predictive power and accurate treatment of the first principles of quantum mechanics. There have been several ab initio many-body methods, such as No-Core Shell Model (NCSM) [24] [25] [26] [27] [28] , Green's Function Monte Carlo (GFMC) [29] [30] [31] [32] and Coupled Cluster (CC) [33] [34] [35] . However, due to the limit of computer capability, the NCSM and GFMC calculations are currently limited to light nuclei (e.g., ≤
16 O), while the CC calculations are limited to nuclei near double closed shells.
While renormalization methods typically address short-range correlations, the Hartree-Fock (HF) approach is used to treat long-range correlations. However, the conventional HF method that takes only one Slater determinant describes the motion of nucleons in the average field of other nucleons and neglects higher-order correlations. For a phenomenological potential, one can adjust parameters to improve the agreement of the HF results with data. For realistic NN interactions, one needs to go beyond the HF approach to include the intermediate-range correlations which are missing in the lowest order HF approach. The many-body perturbation theory (MBPT) is a powerful tool to include the missing correlations [36] [37] [38] [39] . The perturbation method starts from a solvable mean-field problem and derives a correlated perturbed solution. The most well-known perturbation expansions are the Brillouin-Wigner (BW) [40, 41] and Rayleigh-Schrödinger (RS) [42, 43] methods. MBPT calculations are usually performed with an order-by-order expansion represented in the form of groups of diagrams [36] . The diagrams of MBPT proliferate as one goes to higher orders but some techniques, such as those introduced by Bruekner [44] , lead to useful cancellations of entire classes of diagrams. This leads to the linked-diagram theorem which simplifies greatly perturbation calculations up to high orders. Goldstone first proved the theorem valid to all orders in the non-degenerate case [8] . Later, the theorem was extended to the degenerate case [45] [46] [47] [48] . The linked-diagram theorem in the degenerate case is often referred to as the folded-diagram method.
Some recent works [37] [38] [39] show that the MBPT corrections to HF can significantly improve calculations which were based on realistic forces. The authors used different renormalization schemes, V low-k , OLS and UCOM, and obtained the convergence of low-order MBPT calculations [37] [38] [39] . In the present work, we perform similar MBPT calculations with the SRG-renormalized chiral N 3 LO potential [5, 6] and the "bare" JISP16 interaction [21] [22] [23] .
We also calculate the MBPT corrections to the nuclear radius with the anti-symmetrized Goldstone (ASG) diagrams of the one-body density (up to the second order). We note that, in Ref. [37] , the same ASG diagrams for the corrections to energy were used for the corrections to the radius. In Refs. [38, 39] , corrections to the radius were approximated through corrections to occupation probabilities. In order to reduce computational task, we calculate the diagrams in the angular momentum coupling representation. Our MBPT corrections to energy are up to the third order, while our MBPT corrections to the radius are up to the second order.
II. THEORETICAL FRAMEWORK
A.
The effective Hamiltonian
The intrinsic Hamiltonian of the A-nucleon system used in this work readŝ
where the notation is standard. The first term on the right is the intrinsic kinetic energy, and V N N,ij is the NN interaction including the Coulomb interaction between the protons. We do not include a three-body interacton. In the present work, two different NN interactions have been adopted for comparison. One is the chiral potential N 3 LO developed by Entem and Machleidt [5] . Another one is the "bare" interaction JISP16 [21] [22] [23] .
The N 3 LO potential is renormalized by using the SRG technique to soften the short-range repulsion and short-range tensor components. The SRG method is based on a continuous unitary transformation that suppresses off-diagonal matrix elements and drives the Hamiltonian towards a band-diagonal form [12] . The process leads to high-and low-momentum parts of the Hamiltonian being decoupled. This implies that the renormalized potential becomes softer and more perturbative than the original one. In principle, the SRG method generates three-body, four-body, etc., effective interactions. We neglect these induced terms for the purposes of examining the similarities and differences of results with NN interactions alone. After the renormalization, the Coulomb interaction between protons is added.
The "bare" JISP16 interaction is obtained by the phase-equivalent transformations of the J-matrix inverse scattering potential. The parameters are determined by fitting to not only the NN scattering data but also the binding energies and spectra of nuclei with A ≤ 16 [23] . In the JISP16 potential, the off-shell freedom is exploited to improve the description of light nuclei by phase-equivalent transformations. Polyzou and Glockle [49] have shown that changing the off-shell properties of the two-body potential is equivalent to adding manybody interactions. Therefore, the phase-equivalent transformation can minimize the need of three-body interactions. The "bare" JISP16 interaction has been used extensively and successfully in configuration interaction calculations of light nuclei [50, 51] and in nuclear matter [52] . The spherical symmetry preserves the quantum numbers of the orbital angular momentum (l), the total angular momentum (j) and its projection (m j ) for the HF single-particle states. In the spherical harmonic oscillator (HO) basis |nljm j m t , the HF single-particle state |α can be written as
where the labels are standard with n and m t for the radial quantum number of the HO basis and isospin projection, respectively. The HF wave function for the A-body nucleus is then represented by an anti-symmetrized Slater determinant constructed with the HF single-particle states. By varying the HF energy expectation value (with respect to the coefficients D (νljm j mt) n ), we obtain the HF single-particle eigen equations,
where ε νljm j mt represents the HF single-particle eigen energies, and h (ljm j mt) n 1 n 2 designates the matrix elements of the HF single-particle Hamiltonian given by
where
are the matrix elements of the two-body effective
HamiltonianĤ and one-body density, respectively. They can be written
and
is the occupation number of the HF single-particle orbit, i.e., N
In practice, we diagonalize the following equation to solve the HF single-particle eigenvalue problem
This is a nonlinear equation with respect to variational coefficients D (νljm j mt) n . In the spherical closed shell, the HF single-particle eigenvalues are independent of the magnetic quantum number m j , which leads to a 2j + 1 degeneracy. In this case, we can rewrite the eigenvalues by omitting m j , i.e., D
and ε νljmt = ε νljm j mt . Then we can simplify
Eq. (7) in the angular momentum coupled representation as follows [39] ,
and one-body density matrix
is the number of the occupied magnetic subshell, i.e., O
C.
Rayleigh-Schrödinger perturbation theory
We can separate the A-nucleon Hamiltonian Eq. (1) into a zero-order partĤ 0 and a
The exact solutions of the A-nucleon system arê
For the zero-order part, we writê
If we choose the HF single-particle Hamiltonian Eq. (4) as H 0 , the zero-order energy
is simply the summation of the single-particle energies up to the Fermi level. In the present work, we only investigate the ground states of closed-shell nuclei. For simplicity, we denote the ground-state energy E 0 and wave function Ψ 0 by E and Ψ, respectively, omitting the subscript. For the ground state (n = 0), we formulate the Rayleigh-Schrödinger perturbation theory (RSPT), as follows,
is called the resolvent ofĤ 0 . Here we use intermediate normal-
Arranging the above expressions according to the perturbation orders ofV, we have
The first-, second-, third-order corrections are
Similarly, the wave function can be written in the perturbation scheme
with
for the first-and second-order corrections to the wave function, respectively. We can use the diagrammatic approach to describe various terms in RSPT. The ASG diagrams are the most commonly-used method of the diagrammatic representation.
D. Diagrammatic expansion for Rayleigh-Schrödinger perturbation theory in the Hartree-Fock basis
If we choose the HF Hamiltonian as an auxiliary zero-order one-body HamiltonianĤ 0 , many of the ASG diagrams are cancelled [36] . Only a small number of low-order ASG diagrams for RSPT remain. In this subsection, we give the remaining AGS diagrams for the energy and wave function written in the standard perturbation theory [53] . We consider corrections up to third order for the energy and second order for the wave function. To evaluate other observables that can be expressed by one-body operators, we calculate the corrections up to second order for the one-body density. It has been shown that the corrections up to third order for the energy in the HF basis give well-converged results for soft interactions [54] . Spherical HF (SHF) produces degenerate single-particle states, so we can evaluate the vacuum-to-vacuum linked diagrams in angular momentum coupled representation [55] which is computationally efficient. (1). The diagrams (a) and (b) are for E (1) and E (2) , respectively, while the diagrams (c), (d) and (e) sum up for E (3) . The zero-order energy E (0) is the simple summation of the HF single-particle energies up to the Fermi level, i.e.,
, where ε i represents the HF single-particle energy. The summation of the E (0) and E (1) gives the HF energy, i.e.,
ε i , since the initial Hamiltonian is entirely expressed in relative coordinates [38, 56] .
FIG. 1. The first-, second-, and third-order ASG diagrams of energy corrections in the RS expansion [37] .
Corrections to the one-body density
MBPT corrections to the wave function bring configuration mixing. The convergence can be discussed in order-by-order perturbation calculations. Any observable that is expressed by one-body operators can be calculated by using the One-Body Density Matrix (OBDM).
By definition, the local one-body density operator in an A-body Hilbert space is written as
wherer is the unit vector in the direction r, and Y lm (r) is the spherical harmonic function.
We can write the density operator in the second quantization representation in the HO basis asρ
The R nl 's are the radial components of the HO wave function. We use the Condon-Shortley convention for the Clebsch-Gordan coefficients. Since we are dealing with a spherically symmetric system (K=0), we can obtain a simple form,
By introducing the normally-ordered product relative to the SHF ground state |Φ 0 , the local one-body density operator can be written aŝ
where ρ 0 ( r) = Φ 0 |ρ( r)|Φ 0 gives the HF density, whileρ N = i,j ρ ij : c † i c j : brings corrections to the density. ρ ij is the density matrix elements i|ρ( r)|j , and : c † i c j : indicates the normally-ordered product of the creation and annihilation operators. It is required that all annihilation and creation operators which take |Φ 0 to zero when acting on it are to the right of all other operators which do not take |Φ 0 to zero. The expectation value of the density is obtained with the corrected wave function through Eq. (29) . In the present work, we consider the first-and second-order wave function corrections.
The ASG diagrams for the first-and second-order corrections to the wave function [36] are displayed in Fig. 2 . The first-order wave function diagram, i.e., panel (a) in Fig. 2 , produces the second-order correction to the density. While diagrams (b) and (c) of the second-order wave function correction produce second-order corrections to the density, other diagrams of the second-order wave function correction contribute to higher-order corrections to the density. The first-and second-order wave function corrections which correct the density up to the second order can be written as
(g) 
The total wave function that corrects the density up to the second order is
Then, the corrected density is written as
and ρ c 1 + ρ c 2 = Ψ (1) |ρ N |Ψ (1) . They are displayed using the language of the diagram in Fig. 3 . Dashed lines with cross contribute to the reduced matrix elements ν 1 lj ρ ν 2 lj = √ 2j + 1 ν 1 ljm j |ρ|ν 2 ljm j .
The detailed formulae of the density correction terms in the angular momentum coupled scheme are written as
is Wigner 6-j symbol. The letters h 1 , h 2 , ... indicate occupied singleparticle levels in |HF (i.e., hole states), the letters p 1 , p 2 , ... for unoccupied levels (i.e., particle states). ε h or ε p is the energy of particle or hole state, respectively. States h or p
FIG. 3. ASG diagrams for the second-order corrections to the density.
includes the quantum numbers of the orbital angular momentum l, total angular momentum j, isospin projection quantum number m t , and additional quantum number ν, i.e., |h or |p = |νljt z . We define an anti-symmetrized two-particle state (unnormalized) coupled to a good angular momentum J with a projection M,
Root-mean-square radii
The root-mean-square (rms) radius is an important global indicator for the change of the density distribution arising from correlations beyond HF. The squares of the rms radii for point-like proton, neutron and nucleon (matter) distributions are the averaged values of the operators [58] , respectively,r (40), (41) and (42) ]. Since we adopt MBPT with intermediate normalization [ i.e., Eqs. (17) ], the perturbed wave function is unnormalized. In the present work, we use the one-body local density to calculate the radius, as
The wave function is written in the laboratory HO coordinate, starting from an anti- 
If the cross term A i<j r i · r j is neglected, we havê
Similarly for the proton radius,
This gives an approximate c.m. correction to the point-proton rms radius,
where R 2 pp 1/2 is the point-proton rms radius calculated by Eq (44) . Then the rms radius of the point-proton distribution is obtained by 
III. CALCULATIONS AND DISCUSSIONS
In this section, we apply the method outlined in Section II to two light closed-shell nuclei, 4 He and 16 O. The SRG-softened chiral N 3 LO and the "bare" JISP16 interactions are adopted for the effective Hamiltonians.
A. Calculations with chiral N 3 LO interaction
The SHF is carried out within the HO basis. The HO basis is truncated by a cutoff according to the number N shell = max(2n + l + 1), where N shell indicates how many major HO shells are included in the truncation. After the SHF calculation, the MBPT corrections are calculated in the SHF basis. In the present calculations, the basis spaces employed take N shell =7, 9, 11 and 13. We verify that such a truncation is sufficient for the converged calculations of the ground state energies for these magic nuclei 4 He and 16 O. dependence on the parameter Ω displays behavior similar to NCSM calculations [61, 63] .
The softening parameter λ = 3.0 fm within the HO basis could be divergent even for softened interactions [54] . The Hamiltonian (1) is written already in the relative coordinate, and SHF can preserve the translational invariance for the ground state energy [65] so that no c.m. correction is needed for the ground state energy. effects from induced three-body and higher-order forces are small. But a large λ value may not sufficiently soften the short-range correlations of the realistic force, leading to demands
for an excessively large model space and increased dependence on higher-order corrections.
While a small λ value may sufficiently soften the potential, the contribution from induced three-body force may be not ignorable. Within SRG, λ ∼ 2.0 − 2.5 fm −1 seems to be an optimal range in which the NN interaction can be softened reasonably and the combined three-body (initial plus induced) effects are greatly reduced [12, 54, 61] . The calculation of the radius for 16 O is displayed in Fig. 7 . Reasonable convergence is obtained for N shell = 11 and 13. But the calculated radius is smaller than the experimental value. It seems that other ab initio results yield radii that are systematically smaller than experiment [39, 59] . In Tables III and IV, corrections are known to be negligible in some cases [54] .
B. Calculations with the "bare" JISP16 potential
As mentioned in the Introduction, the JISP16 interaction is established by the J-matrix technique, and its parameters were determined by fitting both NN scattering data and nuclear structure data up to A = 16 [23] . It is called "bare" because we, along with others, do not apply renormalization procedures in order to use it in nuclear structure calculations.
To fit selected nuclear properties, the interaction has been tuned with phase-equivalent transformations to minimize the role of neglected many-body interactions. This tuning exploits the residual freedoms in the off-shell properties of the NN interaction [49] .
Similar to the investigations with the chiral N 3 LO potential, we have applied the "bare" Table V . We see that HF-MBPT and NCSM interaction [21] [22] [23] at Ω = 35 MeV. The results of HF-MBPT are obtained with N shell = 10.
The NCSM results with N max = 10 are taken from Ref. [66, 67] . The experimental energy is from
Ref. [60] , and the experimental radius is obtained as in Table II interaction [21] [22] [23] at Ω = 35 MeV. The results of HF-MBPT are obtained with N shell = 10.
The NCSM results with N max = 8 are taken from Ref. [66, 67] . The experimental energy is from
Ref. [60] , and the experimental radius is obtained as in Table IV the "bare" JISP16 calculation is similar to that in the chiral N 3 LO calculation. With the calculations based on N 3 LO and JISP16, we may conclude that the MBPT method can give fairly converged results in the HF single-particle basis for these realistic NN interactions. 
